Enumeration of Young tableaux in a diagonal

strip using operator approach

Meesue Yoo (SKKU)
Jan. 31, 2018

The Goal

T enumevrate f-l-analaro( \f-un} tal [eauX 9('
leffom  sken s(nafes

Maclﬁner\é,_

A +ransfe~ oredu-('o-r awaao‘\, Used Lg, 'E“ﬁres

The UWltimate Goal
To obtain 7}_— analo jU\LI




Outine £ Hhe +ale

@ De-fmrtim ‘f S‘l’ﬂna‘drdl \ﬁung, tal leaux
[or, Ul"'} do we cave about them ?)

@ The o|>eru-ror meHnod  ysed LI} Ellies

@ EK‘[?/YIGW\'\ and apr(\'(xbhvw + meve
Comrh'ca-fe,al s'ncures

@ Sfecu‘aﬁm on ex—(—emlmg;l'o ‘?)—-ana(ojw;g

m Definrtion. of
S‘l’aﬂ&lﬁfd Young_ ‘t'onle,gu,lX



Def + A parrm A 7S o enie of

non-mcreasma, positive m+ejer.s,

L{j A= (5,3; I 1) =

o 1 ii 7
: ‘; o Uun g‘__

i { '-fﬁfzmmkza
-

Nd—m-. [)q-_-.)_:_m; : .SI'Z&';F' A

A FILA

c AN = & parks M A
) Jemgth of A

De€ A skew Youn} dragvava 5 Hhe dilfevence
)\\/“- D'F two Yow’\} Ji'ajmw\s OJL\%/V\ C .

\

B4} k= (55,5502,
/M: (2,2,4‘1a°>

“— A\

/.(>
/V.,

L % ,\W




De-f | A standard \’aun} “obloeaw - S'/lafe)\

/S an aray T = ('(;-J-) g 127, N of shope A
-Hm—l- I'S S—#—nZ-H)/ mcreasmg, m e(/&f\al_ Galuwn’\

and ™ evana, o

A = (4,3, |,|>
1]2]e[9]
5 2151%
i e
&
= Z‘C.J- , siteef T

TImm. ['H’l& hook*ﬂbﬂj‘“\ —C-vmuia-—)

Hov /\l—ﬂ,
t
A= —
LT T S
e\

wlf\we, L'\'(U\)‘-' /\,;-(-/\):—A'-S-(-’l -A-r u"'("n;s

71
Ve

& !’]-:ac:a !{_:_

""y‘ﬁ-‘v‘l ")1.“!’{», ! u




Our vtereot

To enumernnte SYT o cectam skeu sl/mfes

Specia L case (D)

\\

Slkew) HaivyCase S‘/\ mrg e
or ?'-j—?aa i -S‘\/\oTe;

C

1
g

S\\{T o'f- Z-S-l'vl_r

S &l'f'&fna-ij, permutatims

N0 O TR SR A
6=(5 8294103 3 1¢)



D. Andre (1929)

A(tn .= the set + A‘-l—emarng, PErmutuctivng
£ size n

" En = [Aknl 5 Eule, number~

Then +he 6)(,70’71&"-0?& j&narathﬂj_ —Fumé—uw
s 9Vem L\J,

— &A"
23— = seca+tant.
N=-o0 '

(2 Thickened 219209 shapes

S3n 637\-2
Baryshnikov - Pomik (‘2e10)

j‘;'5’%-2 _ _Bn-2)! Eany
T ()l 22

j’_\‘an—l - (3n—1)"' Eany
(zn-1)1 2!

_fé’zn - am! (=) B
a3 2™ (220)




E\ T operator me-Hnod
Used Lj Ellkeg

)

1’00“"1& Sum5 Z (4’(_'_4)
K= - - Meam D. Ellies

Americon Mhmmc«ﬂ an-l-lql;, o (20e%)
Eulw © The sum

Doy Z-_‘ flibes f (A-77) ¥ (n), n even

~, (Gt L(n,Xg) , n odd )
where

( ( (
P T o T % >

(€= = ® o

=+ ( ( (
= — e — - —
SLMOR g’ (get1) B B 5

s o _coeional_ubiple o 0,



177 Why oll of sudden 777

Consrder e JemeatMey ian ceron

é((%)'.: i S(n) L oo oo A1 i
— Z(Z )%

- B

= We tnd thF
Al2)= '":—' (gec115-+ +M_"T_1> ‘

-

C&(O'LI (’19‘:}@,') « N=2 Case
Stk): Wy vra %mnqe. ~+ vavToable |

n=z2] sy > ——
) K=o (2l () .
(f
ff (A4)* da dYy-

oand reavite He sum ag

e

> = ——fob’[ﬁlﬂ“:alsug,

lC':'o (ZK"{" )1’ |C=—'-°

SANCI P




@ CL\A’\‘}&F{ UO\YW»“-O.S

d: sy g_: Sh V'

Ml T
LY 2 p i
o o1 CosW SMU Sm V-
Su W-| 4 v- Cag U~
- SmUsmu Co
}‘1_ 5 SV~
_..m _Br%- oo(tuU S UL

Cani /‘ o 9“11“‘ Sﬁ\"v‘
Lo (Y (V-

= 1= (ay)-
1 ddd
] e

o

Thus | f«

o

‘}_('J(,’j_)elz"-: oA, 4y <1
NV
‘f(u.’v-)euzl; Uwv»7o, u+v< TC/Z}

~
SN o
1./ o

@ Conclusma

REe s
- udy = = T
o (et %-» /¢

U L7




3. Evalustng. S () by change o vaviables
: < e /

_ﬂ_:.\l: {(ul,‘-‘z, s Un) ERN ;U 7o, u;_‘.uﬁ—_(_'('l'!:/a) Iéféf\j

Snus Shhun
PR YT I (Eaent, A= o,
"(ﬁ&n ~
Cos UL -~ 02 o
:_le;_: { Gastlze ! - ek
J Shu: -
STl (R AR S WS T
Coszu:-.(.'
k o , otherwite .
9(7“:—-7 ﬂﬂ)
7 1N
(un—, U Az (e s

@ (,e/fVL _ (0:4)“ <_(:l—> Won,

(%) Vod () =JJ 1 dit, = dity

Us> o
Wtz < E/Z.
:Jf,_, U ddy - dadn
¥ o 1 i (1['" '7,)'))1—
e Al (= E
-] -] 'C"—'Q
L n ( (
= Z,(—a)kf f G- Any doi--- daiw
€=, o °

= i L0 - S

(€=o (ZIE)"



%_ E&loch} S("> +to T\‘\ viaoo LMeaf‘ OF@/“L-{-QY;

Defme

muma:F UGN
o otherwie .

Then the wolume of T\ Can be writHen ag

o (%
L LJ ’ —{i—. b Do, ey dutg e ety
Ty
:J z lCn (W) du, dhere

Kn(u.'U“) :IWL I (U) I<n—t (U V) du,

:JW/L 73 At
- 5z k' (u,ut).?l;hl(uah) ua-‘(-i)' ktlu"_h%) du‘ --'dun_‘

iz
éde m-('errre-t L/n and Hre M{-ejm.QJ a[(,,(u,u)du
m termsy & Iear orem-l-ovs on Lz'(o, ZD/z)_

Le+ T be "H’l& lmear Orera.—l'w WA kem&{ Kol " )
on L"(D,TL/Z) :
n/ 7‘/1—'»-
(T‘f‘) (») = L"Ha) Kl (v~ U :J‘ “Suyduw |

R o

“Then K'n(- ,) T8 +he [cernel v-§ g i B

(T"—P)('U-) ZJ% “Sw) g, (U dU



lem

: Tﬂ IS o C'OMPQC—"J Sel'p—ddjoi\‘r{' OFBm-f'o)’ on Lz(o'%)_
H'ﬁ erjemvoJ\M-S ; eﬂbl/\ﬂf mul'brrli?ltby oM | ave

k (4(4_,,4)" ( E€Z), with Cerasfmdmg, crﬁwfuma-eﬂwg
“es (et 1y w).
CO", (O%Djmm\ ekpansrmrF an arbﬁ-mrg_ (=-Fn)
Fyrong £-& o ®h)
£ = Z”,-(-];fas((c;af)u) :

t‘:—-m

wth  coellizients e

le
~tp = ‘%f Z-F(a)cas(lcuc-u)l.l) du .
g Por M N7e , We hau/e,
J /L-Ha)(‘r".r)lu)du :_;_r_ 2 i

K=-oa (Gt -

8. Trangler opersctor method o Elkies
Eemart .

Lem (é{ranleg,, ‘1986 )

The volume ~ Hhe ovder Poly-fore associated o ang,
?ar-(-a"a,( order £ on [n] K 1/n'. times fhe number- ‘jg

Permu-{-acbhrﬂs g of (n) sudh ot & (’O < ‘{(j)
whenever 4 ‘<J. :

C:méra{ef‘
Pf\ :ﬂ(?ln—;dn) GCO;’IJ’\ : ’7“ 57'7_ 7/‘13 S J-

T
fn

Then . | Yol (Pr) = e



u’-’ﬂ(Pﬂ Jdlf A"(z( 4(7(3 4(14 -e
' 7{3
A = .

C‘ﬂmje,w? Variobly =2 U: , & odd
-V, & even

o francbvms mto e veqiom
{((U.i,q)'l—) - rU\“) elzﬂ,' 1&710 5 ’D -("v,‘-ﬂ < 1 (' Eﬂ—l)}

Fur-the c(/wm-jg_ .-f variobles V- = ?TT) Ui

i[u“uz"‘)u")élﬁn;u;>/°, Ui+ Ui éryz (4‘5[5!’\-{)}.
.,

A Z' - V\'S(ﬂ'i'l)

T'H'I

YD & =nt Vid(Pa)
@ ol (Pr) = ‘—> VoA (®)
‘: _ﬁ_) J"r/rt“ "> K}H (“b un) alul“‘ G(Un

= (=) {1, 1 m L(.Tp)
A g Ce”
% (?I-T ZFt L' sonl = =1 D gk

A
vhere cp= —'f &s((4t+l)u)du-_ ' Gkl

ecenes —%_ = 7::) (—-—)S(M-/I) ]



E%:i EX‘("&V\STDY\ ‘o “ove &mF\i“Ca‘f&J
st

€3_ % - S-hrTP
T = T e et ) U]
AL (1] > G2y
D NN B: ()= .01]
Q) wheve

e ‘ (Af) (v qu—(%)d?(,
D, (89) ) = f"‘S : v drdu

ﬁerea-(— C:: B.A



r_O P@f‘o.—('of‘ me-+thod

(CHy= (B(AF)) &)
= J%J:L (&6) (u,v) dvdu

1wy
AU

= ("4 ( ( :w” dlu L:;V‘) 4y
=[ ") (any) -y ) dy.
= f"‘_ﬂfmm_@ dy +f: ) (1-yy Y

st A
= (4—*)[ SlHydy + A f ! Sy -y d Yy
(] i |

E net toe hard 4o €md..

~€i'j@\’\‘é“"‘"b‘\ﬂs : ﬁ(d): J—SM('(CK';() 5

% CorrBsFV\al’\'\j_ Uﬁwva\(“ﬂé ’\" = T IG"')
" |

a \g: o Lot te éA

pelvtonl —£- \
[ v =¢ E( {0 f"'va

§P = Bm! V”UPD )

TS e (AN ST AT
shert (Tome F)N= (Tpopy FA)= f Hady
=0 e, 47 :
= (3ny! i. M (Pt 7(a-% 47

le=|

|C:4(2( %l i



(Cong Comru-('a:bim o D
- (-)7g
£ = Bt 3

k=i L= ﬁrl‘)u"-l)

—  2(zn)! ( 2
= 1- — ) T (2w
T 2 )t ) Bernoull;

——4 n 5'\-\’9_‘4\‘
there Cla)= 2y —— ~ Numbes
csi -l
Aot - 1 - () o B,
Aok T(zn) = 5 ,_'C_% = (=)
P (Zn)!

J

IR R LN s W
(an-0)' 22 (g 1)

Further vesuks

F-s61p

Fal
v 07 ] |
L V.

2k- Hw"‘)

4 ék“’ 1)- (—-(—n'“f;



“Thi
"\35 +o 0‘
o

Ca
n
we
maJQ.
‘1;—-0\!!\ oJ 0
gues ??




