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A B S T R A C T   

The main aim of this study is to derive a simple ductility-based seismic retrofit procedure for 
buildings using hysteretic devices. In the procedure it is tried to minimize the assumptions while 
taking more details into consideration compared to previous approaches. With an available 
seismic retrofit device, the proposed procedure distributes the devices along the height of the 
structure to satisfy a given performance limit state through a numerical iterative method. The 
pushover curve and the modal characteristics of the structure are the only required input pa-
rameters, and the estimation of the pushover curve after retrofit, its modal characteristics, and 
maximum interstory drift ratios are byproducts of this procedure. The derived method was 
applied to seismic retrofit of a case study structure using buckling-restrained braces. The structure 
was designed to meet the enhanced performance objective of the 1% maximum drift ratio under 
the Maximum Considered Earthquake level. The nonlinear time history analysis of the structure 
subjected to 22 pairs of earthquake records showed that the median of the drift ratio demand is 
0.8%, satisfying the given limit state. The results show that the proposed procedure can be 
implemented efficiently in estimating the required amount of seismic retrofit devices and the 
structural behavior after retrofit.   

1. Introduction 

Performance-based seismic retrofit of structures is usually a trial-and-error procedure which might need time-consuming nonlinear 
time history analyses (NTHA) to meet the objective performance. In order to alleviate this situation, there have been several different 
approaches to initially estimate the retrofit scheme and directly validate it. The main problem dealt with in these approaches is that the 
behavior of structures changes after the installation of seismic devices. Thus, it is not possible to use the parameters before retrofit as 
the starting point for the reverse calculation of a retrofit scheme meeting the objective performance. Previous methods attempted to 
handle this problem using different assumptions like using iterative analyses or using structural parameters obtained before retrofit. 

Bruschi et al. [1] proposed an approach to retrofit structures using hysteretic dampers which uses the capacity curve of the 
equivalent single degree of freedom (SDOF) simplification of the structure. The prescribed drift ratio is transferred to the target 
displacement using the fundamental mode shape. The effects of the installed dampers are assumed to be in parallel to the SDOF system, 
and the required increase in the capacity diagram is obtained iteratively based on the capacity spectrum method and the response 
spectrum reduced by the equivalent viscous damping. During this procedure the mode shape is not updated, and in order that the mode 
shape of the retrofitted structure matches the first mode shape of the as-built frame, the installed damped braces need to be tuned. 
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Similar assumptions have been made by other researchers [2–4]. Kim and Choi [5] obtained the required damping using the capacity 
spectrum method in the reverse order to meet the objective performance. Since the change in the mode shape and the pushover curve is 
not reflected in their calculation procedure, several iterations are required in which the structure is reanalyzed with the dampers 
obtained from the previous iteration, and the calculations are done again. Javidan et al. [6,7] used similar procedure to initially 
estimate the required number of a metallic hysteretic damper to meet the objective performance. However, the effects on the stiffness 
and the backbone curve were not taken into consideration. Moreover, after finding the required damping in most previously derived 
procedures, there are other assumptions made for the distribution of the seismic devices. For instance, Kim and Choi [5] tried different 
methods like uniform distribution, or distribution proportional to interstory drifts. Like Mazza [8] and Mazza and Vulcano [3,4], 
Bruschi et al. [1] used a proportionality criterion based on the mode shape and mass. 

In this study, a design procedure is proposed to find a proper retrofit scheme using hysteretic damping devices. Due to the different 
nature of velocity-dependent seismic devices, the scope of this research is limited to the displacement-dependent devices. This covers a 
wide variety of seismic energy dissipation devices which can be categorized into two major groups of metallic dampers [9–11] and 
friction dampers [12,13]. Due to stable hysteretic behavior, high yield capacity, ease of manufacture, and versatility in design, metallic 
dampers have gained popularity in recent years [6,7,14]. The buckling-restrained braces, which has been widely applied in practice for 
both seismic design of new buildings and retrofit of existing ones [15,16], can also be categorized as metallic dampers. The derived 
design method is based on the ductility, and it is tried to minimize the assumptions while taking more details into consideration. 
Recently, Javidan and Kim [12] proposed a ductility-based method for seismic design of resilient structures, and showed that the 
proposed method is highly effective in performance-based design of structures. It is also shown that the pushover curve, story levels, 
story masses, and the first mode shape are enough to estimate the required amount of retrofit devices and the seismic behavior of the 
structure after retrofit with a very high accuracy. 

2. Preliminary calculations 

In this study the following assumptions are made to simplify the performance-based design procedure:  

1. The structure has shear story behavior and therefore the dampers installed at the same story experience the same interstory drift 
and the seismic devices act in parallel.  

2. As assumed in the N2 method, the structure has an elastic-perfectly plastic behavior before and after retrofit. This can considerably 
simplify the estimation of the required yield strength and stiffness of the capacity curve.  

3. The displacement shape of the structure is proportional to the first mode shape and is constant during the ground excitation. This 
assumption is used during the estimation procedure to change the top displacement obtained from the N2 method to interstory drift 
ratios. The reason is that there are no trial-and-error analyses before finalizing the retrofit scheme and its validation and analysis 
are done after determining it. Javidan and Kim [17,18] used the same assumption in a simplified procedure for the efficient and 
rapid estimation of seismic performance.  

4. The elastic stiffness and the yield capacity of a unit seismic device to be installed are known. This developed procedure finds the 
required number of devices and their story-wise distribution to meet the objective performance. This last assumption is in fact a 
kind of feature to tailor the procedure for practical applications. 

Comparing with the previously developed methods, the main advantages of the design method developed in this research lie in the 
mode shape updating at each iteration and distribution of dampers. In most of previous works, the mode shape before retrofit is used 
for obtaining both target displacement and the distribution of dampers. In this study, however, no assumption is made for the dis-
tribution of dampers, and the yield mechanism of the structure dictates the damper distribution. The mode shape of the structure after 
retrofit is used to obtain the target displacement. The conventional capacity spectrum method requires iteration for determining the 
target displacement, whereas the N2 method used in this research easily give the displacement demand. By reducing the number of 
assumptions and using the N2 method, the calculations are simplified and are easy to be implemented in a spreadsheet. The overall 
procedure is depicted in Fig. 1 divided into 4 steps. It starts with the pushover and eigenvalue analyses and then the data are processed 
using preliminary calculations. The core of the developed procedure is at the next step where the retrofit scheme (quantity of retrofit 
device) is found numerically. Finally, the obtained retrofit scheme is validated using nonlinear time history analysis. The explanation 
of the second and third steps of the procedure are given in the next sections, and the procedure is validated applying it to a case study 
structure. 

Fig. 1. Overall view of the developed procedure for the estimation of the required retrofit device.  
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2.1. Fundamentals 

As mentioned earlier, the mass and level of stories, fundamental mode shape, and the pushover curve of the structure before retrofit 
are the main parameters to estimate the retrofit scheme and the seismic performance after retrofit. These parameters are elaborated 
and analyzed through several steps to reach the final solution. In this section, the fundamentals and definitions of the parameters are 
provided. 

First, the capacity curve of the structure before retrofit is obtained by pushover analysis and is idealized into an elastic-perfectly 
plastic behavior. Let i = 1, …, n be the story number, and ΦT = [φ1, ..,φn] be the vector of the fundamental mode shape. The com-
ponents of the mode shape vector are normalized with the top story value of φn = 1. It is assumed that the capacity curve of the 
structure is obtained under a lateral load distribution proportional to mi and φi [19] which are the mass and the mode shape of the i th 
story, respectively. Therefore, the lateral force applied to the i th story is equal to 

Fi,λ = λmiφi (1)  

where λ controls the magnitude of the lateral load. The displacement shape of the structure subjected to this lateral load distribution 
follows the first mode shape. The story shear of the i th story at any point in pushover analysis is 

Vi,λ =
∑n

j=i
Fj,λ = λ

∑n

j=i
mjφj (2) 

The base shear amounts to V1,λ =
∑n

j=1
λmjφj. For seismic performance assessment, the structure is transformed to an equivalent single 

degree of freedom (SDOF) system with the mass of m* =
∑n

i=1
miφi. Therefore, the base shear at magnitude λ is equal to λm* which is 

meaningful. In fact, λ has the dimension of acceleration and λ/g can be interpreted as the ratio of the applied lateral force to the seismic 
weight of the equivalent SDOF. Considering Di,λ as the lateral displacement of the i th story at the load magnitude of λ, its interstory 
drift is 

Δi,λ =Di,λ − Di− 1,λ (3) 

By increasing the lateral load, the structure eventually reaches the yield base shear V1,y and t cannot withstand greater loads. At this 
point, the structure undergoes deformations under a constant lateral force which is called the yield state and corresponds to the load 
magnitude of λy. The top displacement at the onset of the yield state is Dn,y and the yield base shear is V1,y = λym*. The second subscript 
indicates the lateral load magnitude, and therefore λ shows an arbitrary load magnitude during pushover, while y corresponds to the 
story shear at the yield state. As noted earlier, λy has the dimension of acceleration and λy/g shows the yield strength of the structure as 

a proportion of the seismic weight. Following Eq. (2), the story shear of the i th story at the yield state is equal to Vi,y = λy
∑n

j=i
mjφj. The 

lateral stiffness of the i th story is 

Ki =Vi,y
/

Δi,y (4)  

which is equal to Ki = Vi,λ/Δi,λ due to the bilinear curve before the yield state. Given the yield displacement, base shear, and the mode 
shape, the stiffness of each story needs to be found during the preliminary calculations of the proposed procedure. 

The overall lateral stiffness is defined as Ke = V1,y/Dn,y which is the same at any point of the elastic region due to the consideration 

Fig. 2. Fundamentals of the developed procedure: (a) Defined parameters and lateral load distribution; (b) idealized pushover curve.  
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of elastic-perfectly plastic behavior, and is equal to 

Ke =V1,y
/

Dn,y = V1,λ
/

Dn,λ (5) 

At the maximum top displacement that the structure experiences during the earthquake, or at the so-called target displacement, the 
displacement and interstory drift of the i th story are denoted by Di,m and Δi,m, respectively. These parameters and the configuration are 
summarized and illustrated in Fig. 2. 

2.2. Seismic performance assessment 

In order to find the retrofit scheme using a prescribed seismic device, determining the seismic performance of the structure is the 
start point of the proposed numerical iterative approach. To this end, the pushover curve of the structure is transformed to an 
equivalent SDOF system using the modal participation factor 

Γ =m*
/∑

miφ2
i (6)  

where m* =
∑

miφi is the mass of the equivalent SDOF system as noted earlier. The yield strength F*
y = V1,y/Γ and the yield 

displacement D*
y = Dn,y/Γ of the equivalent SDOF are obtained. To depict the capacity diagram of the equivalent SDOF system in the 

acceleration-displacement (AD) format, the yield acceleration is obtained as Say = F*
y/m* and the diagram is illustrated as in Fig. 3. 

In this study, the response spectrum is defined based on the ASCE 41–13 [20] using the two parameters of SXS and SX1 which are the 
spectral acceleration at short periods and at period 1 s. The characteristic period equals TS = SX1/SXS and is defined as the transition 
point between the constant acceleration and constant velocity segments of the response spectrum. In order to assess the seismic 
performance for a given response spectrum, the displacement demand Sd needs to be found. The ductility corresponding to this 
displacement is μ = Sd/D*

y. If Sae(Te, μ= 1) is the function of the elastic acceleration spectrum for a SDOF system with an elastic period 
of Te, the inelastic acceleration spectrum for the ductility of μ is obtained as [19]. 

Sa(Te, μ)= Sae(Te, μ= 1)
/

Rμ (7)  

where Rμ is the reduction factor equal to 

Rμ =

⎧
⎨

⎩

(μ − 1)
Te

Ts
+ 1 Te < Ts

μ Te ≥ Ts

(8) 

The constant-ductility inelastic displacement spectrum function can be also written as [19]. 

Sd(Te, μ)= μSde(Te, μ= 1)
/

Rμ = μ T2
e

4π2Sa(Te, μ) (9)  

where Sde(Te, μ= 1) is the elastic displacement spectrum function. The displacement demand Sd in the N2 method is a point where the 
capacity diagram intersects with the constant-ductility inelastic spectrum associated with that ductility. Unlike the capacity spectrum 
method (CSM) [21], the displacement demand can be directly determined using the N2 method without trial and error. First, the 
reduction factor Rμ = Sae/Say is calculated and the ductility can be obtained from Eq. (7). Then the displacement demand is equal to 

Fig. 3. Seismic performance evaluation using the N2 method and estimation of the retrofit scheme in the first iteration.  
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Sd = μD*
y. 

This procedure along with the utilized parameters are illustrated briefly in Fig. 3. After finding the displacement demand Sd, it can 
be transformed back to obtain the top displacement: 

Dn,m =ΓSd (10) 

In accordance with the third assumption, at the estimation stage, the interstory drifts and interstory drift ratios can be approxi-
mated as 

Δi,m =(φi − φi− 1)Dn,m (11)  

θi,m =Δi,m
/
(hi − hi− 1) (12)  

where hi is the level of the i th story from the base. 

3. Performance-based retrofit design 

A ductility-based method is derived for seismic retrofit design and its flowchart is shown in Fig. 4. This numerical iterative section 
of the procedure can be subdivided into three main parts:  

1. Finding required number of seismic devices along the height of the structure  
2. Obtaining the mode shape after retrofit  
3. Estimating the performance of the structure after retrofit using the obtained mode shape and determining the ductility for the next 

iteration 

Some portions of the first part regarding the back calculation of the yield strength from the displacement demand is the reverse of 
the N2 method in essence. After finding the proper distribution of the seismic devices in each iteration, the stiffness of stories is 

Fig. 4. Flowchart of the proposed numerical method.  
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modified accordingly and the mode shape needs to be recalculated for estimating performance in the third part and the next iteration. 
The mode shape can be obtained by generating the stiffness and mass matrices and doing the classical eigenvalue calculation. 
However, in this study a simpler method is utilized which precludes generating the stiffness matrix, solving an n th order polynomial 
and then a linear system of n equations. These three parts are described in detail in this section and their application on a case study 
structure is presented in the next section. From this section onward, the defined variables after retrofit are indicated using the su-
perscript k which shows the iteration number. 

3.1. Determination of retrofit scheme 

Like general numerical methods, the proposed procedure needs initial values to start the iteration and converge to the final answer. 
These assumptions are the mode shape and ductility of the retrofitted structure at the target displacement, which automatically 
converge to their correct values after retrofit, satisfying the prescribed objective performance. 

The obtained ductility μ, mode shape vector ΦT = [φ1, ..,φn], and in turn the modal participation factor Γ of the structure before 
retrofit are the starting point of the proposed design procedure. Obtaining the exact ductility after retrofit needs structural analysis of 
the retrofitted structure; however, the retrofit scheme including the total number of devices is what needs to be obtained and is un-
known. Therefore, the ductility and the first mode shape are initially assumed to be equal to their values before retrofit to start the 
iterative procedure. The number of the required seismic device is obtained based on the yield capacity of the device and the required 
increase in the yield strength of the structure. After placement of the devices, the pushover curve and the mode shape are refined in the 
next iteration to reach the exact retrofit scheme. This procedure is completely formulated and does not need any intervention or trial 
and error. 

As a convention in this paper, the superscript of a parameter indicates its value after retrofit during the iteration. In each iteration 
the mode shape parameters and ductility are assigned first. The procedure begins with k = 1. Hence, for i = 1,…, n, let’s initially 
assume 

φ1
i =φi (13)  

μ1 = μ (14) 

The mass of the equivalent SDOF m*k and the modal participation factor Γk after retrofit are calculated using the assigned mode 
shape. If θt is the objective or target interstory drift ratio, the target displacement corresponding to this drift ratio is determined by 

Dk
n,m = θtmin

{
(hi − hi− 1)

/ (
φk

i − φk
i− 1

)}
, i= 1, ..., n (15)  

which gives the objective displacement demand of 

Sk
d =Dk

n,m

/
Γk (16) 

By having the ductility and the displacement demand Sk
d, the elastic period Tk

e of the equivalent SDOF system for the retrofitted 
structure can be obtained by solving Eq. (8). The yield acceleration of the retrofitted structure is also obtained as 

Sk
ay =

4π2

μk
(
Tk

e

)2Sk
d (17) 

This procedure can be easily carried out by interpolation on a spreadsheet as shown graphically in Fig. 3 for the first iteration. The 
difference between Say and Sk

ay is supplemented by the seismic devices and the new yield strength needs to be transformed back from 
the AD format to find the required capacity of the retrofit device. 

The yield acceleration obtained from the previous part is distributed to different stories following the fundamental mode shape, 
proportional to miφk

i . Considering that λk
y = ΓkSk

ay, the shear of the i th story at the yield state is 

Vk
i,y = λk

y

∑n

j=i
mjφk

j (18) 

Therefore, the installed seismic devices on the i th story should have a total yield capacity equal to 

Vk
d,i =Vk

i,y − Vi,y (19) 

The number of seismic devices required to meet the target displacement is obtained using the yield capacity of one unit of the 
considered seismic device. Since this number has to be an integer, it is rounded after the convergence. As the assumed mechanism 
satisfies the equilibrium equations, based on the upper bound and uniqueness theorems, this approach is supposed to give the exact 
yield strength after retrofit [22]. 

Let Kk
d,i be the total elastic stiffness of the dampers installed on the i th story in the k th iteration. The stiffness of the story after 

retrofit is Kk
i = Ki + Kk

d,i. The interstory drift at the yield state after retrofit equals 

M.M. Javidan and J. Kim                                                                                                                                                                                            
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Δk
i,y =

Vk
i,y

Kk
i
=

λy
k∑n

j=imjφk
j

Ki + Kd,i
(20) 

The lateral displacement of the i th story is 

Dk
i,y =

∑i

j=1
Δk

j,y (21) 

Hence, the yield displacement of the pushover curve after retrofit is equal to 

Dk
n,y =

∑n

i=1
Δk

i,y (22) 

The effects of installing seismic devices and the way of quantifying them are partly illustrated in Fig. 5. 

3.2. Calculation of mode shape after retrofit 

The displacement profile determined from Eq. (21) is not yet consistent with the fundamental mode shape used in the current 
iteration. This mode shape shall be obtained and used in the next iteration which eventually converges towards a specific value 
corresponding to the final retrofit scheme. Instead of eigenvalue analysis, the mode shape after retrofit can be easily estimated as 
follows. This mode shape also converges to the one corresponding the obtained retrofit scheme. 

As this mode shape is going to be used in the next iteration, it is denoted by k+ 1. The lateral load is proportional to the mass and 
the mode shape, and therefore the displacement profile follows the mode shape. By normalizing the displacement shape obtained from 
Eq. (21) using the top displacement Dk

n,y, the fundamental mode shape for the iteration k + 1 is determined as 

φk+1
i =Dk

i,y

/
Dk

n,y (23) 

It is noted that the effect of cyclic degradation in strength and stiffness is not considered in this formulation. There are studies taking 
into account these effects [23] by reproducing strength stiffness degradation [24] based on piecewise linear approximation of the 
initial backbone curve, which may be implemented in the formulation in the future study. 

3.3. Estimation of the performance after retrofit 

As shown in the flowchart in Fig. 4, the performance of the retrofitted structure in the k th iteration is evaluated using the N2 
method to find the ductility which is more precise and is used in the next iteration. To this end, the yield strength and displacement of 
the structure in the current iteration are available from Eq. (18) and Eq. (22). The fundamental mode shape of the retrofitted structure 
is also obtained from Eq. (23). The displacement demand can be determined using the N2 method as described in the beginning which 
gives a better approximation of the ductility and performance of the retrofitted structure meeting the objective performance. This 
ductility is used in the next iteration, thus denoted by k+ 1. 

Using the new ductility and the mode shape, this procedure is repeated from the first part which is to determine the retrofit scheme. 
After several iterations, the ductility and the mode shape converge towards their correct values which are compatible with the dis-
tribution of the seismic devices along the height. The obtained retrofit scheme precisely satisfies the objective performance. In order to 
check the convergence and stop the iteration, a tolerance criterion can be set up for ductility. Similar to numerical iterative methods, 
approximate error of the ductility is obtained as 

Fig. 5. Effects of installing seismic devices: (a) Changes in the lateral displacements at the yield state; (b) consequential changes in the yield strength and stiffness of 
the structure. 
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|ε| =
⃒
⃒
(
μk+1 − μk) / μk+1

⃒
⃒ (24) 

If this error is less than the tolerance εs, a value in the order of 1% or 0.5%, it means that there is not so much change in the retrofit 
scheme. As the number of the seismic devices are rounded, the final solution is determined much faster. Overall, this procedure can be 
implemented easily in a spreadsheet and its application is shown in the next section. 

4. Illustrative application 

4.1. Structural detail 

The case study structure is a four-story reinforced concrete building constructed in 1984 in Korea. As the seismic design code was 
not applied at that time, the structure was designed with the dead and live loads of 4.0 kN/m2 and 3.0 kN/m2, respectively. The height 
of the first story is 3.5 m and the height of the other three stories is 3.0 m. The minimum and the expected values for the compressive 
strength of concrete are 18 MPa and 21 MPa, and those of the reinforcement rebars are 240 MPa and 300 MPa, respectively. The 
spectral response acceleration parameters for the Maximum Considered Earthquake (MCE) hazard level are SXS = 0.97 g and SX1 =

0.56 g. The plan of the structure and the reinforcement details are depicted in Fig. 6. It is intended to retrofit the structure to satisfy the 
enhanced objective of life safety under the MCE hazard level. The interstory drift ratio corresponding to this objective performance is 
assumed to be θt = 0.01. 

Fig. 6. Details of the case study structure: (a) Plan and locations of seismic retrofit devices; (b) cross-sectional dimensions and reinforcement details.  

Fig. 7. Nonlinear time history analysis of the structure: (a) response spectra of the 22 pair of earthquake ground motions scaled to the MCE spectrum at the period of 
the structure; (b) maximum interstory drift ratios of the stories under the earthquake suite and their median values. 
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4.2. Seismic performance evaluation and retrofit 

The example structure is modeled in the SAP2000 software [25] for analysis and design. The nonlinearity is taken into account 
using the lumped plastic hinge model based on the ASCE 41–13 code [20]. The effective stiffness of the members is considered using 
the section modifier to reduce the flexural elastic stiffness due to cracked sections. The 5% inherent Rayleigh damping is employed in 
the analysis model. The loads are distributed to the beams using the membrane slab and the rigid diaphragm is taken into consid-
eration. The confinement effect of concrete is not considered. The fundamental period of the structure is 0.85 s with the mode shape of 
[1,0.88,0.66,0.36] acting in the x-direction. In order to conduct nonlinear time history analysis (NTHA), 22 pairs of earthquake ground 
motions are obtained from the PEER NGA database [26] which are recommended by FEMA P695 [27]. The selected records are 
earthquakes with the magnitude higher than 7.5 and are considered as non-frequent earthquakes, consistent with the considered 
seismic hazard [28,29]. The records are scaled at the fundamental period of the structure as shown in Fig. 7(a) and the structure is 
analyzed using NTHA under the scaled earthquake suite. The results of the NTHA in terms of the maximum interstory drift ratio are 
depicted in Fig. 7(b). 

Following the proposed procedure, the first step is to do the preliminary calculations and find the stiffness of the stories and 
evaluate the performance by pushover analysis. Under a lateral load distribution proportional to the mass and the first mode shape, the 
pushover curve of the structure is obtained in both directions and shown with the details in Fig. 8. The yield strength and displacement 
of the structure are V1,y = 2178 kN and D4,y = 54 mm in the x-direction and V1,y = 3090 kN and D4,y = 67 mm in the y-directions. 
These capacities correspond to the yield load magnitudes λy of 0.21 g and 0.31 g, respectively. Details related to the structure and the 

Fig. 8. Pushover curves of the structure: (a) x-direction; (b) y-direction.  

Table 1 
Details of the structure and calculations of the story stiffnesses in the x-direction.  

Story hi 

(m)

mi 

(ton)
φi miφi 

(ton)
miφ2

i 
(ton)

Di,y = φiDn,y 

(mm)

Δi,y 

(mm)

Fi,y = λymiφi 
(kN)

Vi,y 

(kN)

Ki = Vi,y/Δi,y 

(kN/mm)

4 12.5 351.8 1 351.8 351.8 41 5 726 726 149.7 
3 9.5 368.7 0.880 324.6 285.8 36 9 670 1397 157.3 
2 6.5 368.7 0.662 244.0 161.5 27 12 504 1900 155.9 
1 3.5 371.5 0.361 134.3 48.5 15 15 277 2178 148.4 

sum – 1460.7 – 1054.7 847.6 – 36 2178 – –  

Table 2 
Details of the structure and calculations of the story stiffnesses in the y-direction.  

Story hi 

(m)

mi 

(ton)
φi miφi 

(ton)
miφ2

i 
(ton)

Di,y = φiDn,y 

(mm)

Δi,y 

(mm)

Fi,y = λymiφi 
(kN)

Vi,y 

(kN)

Ki = Vi,y/Δi,y 

(kN/mm)

4 12.5 351.8 1 351.8 351.8 46 7 1079 1079 165.6 
3 9.5 368.7 0.859 316.6 271.9 40 11 971 2050 183.0 
2 6.5 368.7 0.616 227.0 139.8 28 14 696 2746 189.9 
1 3.5 371.5 0.302 112.3 33.9 14 14 344 3090 221.7 

sum – 1460.7 – 1007.7 797.4 – 40 3090 – –  
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calculations of the story stiffnesses in the x and y-directions are shown in Table 1 and Table 2, respectively. 
Next, the displacement demand of the structure is obtained using the N2 method in the both direction and the calculations and the 

related parameters are shown in Fig. 9. The displacement demand Sd is 122 mm and 107 mm in the x and y-directions, respectively, 
which correspond to the ductility of 3.75 and 2.93. As mentioned before, the interstory drift ratios at the target displacement is 
approximated using the fundamental mode shape during the estimation procedure. Accuracy of this assumption is verified in Fig. 10 
for the structure before retrofit in comparison with the results obtained from nonlinear time history analysis. The aim of the derived 
procedure is to reduce this estimated demand to match the objective performance. In each iteration, the retrofit scheme of the structure 
is determined using values obtained from the previous iteration. 

The structure is retrofitted to meet the objective performance of θt = 0.01. The hysteretic device used for seismic retrofit of the 
model structure is the buckling-restrained braces (BRB) which have been widely applied to seismic retrofit of building structures [30, 
31]. The yield capacity and the axial yield deformation of the BRB applied in this case study are 200 kN and 2.5 mm, respectively. 
Based on the orientation of the installed BRB, its lateral stiffness and capacity change, which is taken into account in the calculations. 

Fig. 9. Finding the performance before retrofit and doing the first iteration: (a) x-direction; (b) y-direction.  

Fig. 10. Maximum interstory drift ratios of the structure before retrofit.  

M.M. Javidan and J. Kim                                                                                                                                                                                            



Journal of Building Engineering 57 (2022) 104877

11

The structure is retrofitted in both directions to meet the objective performance. Generally, the direction of the earthquake is not 
considered in seismic design and it is assumed that the earthquake acceleration equal to the one from the response spectrum can affect 
the structure in any direction. Therefore, the structure is retrofitted for both directions separately to meet the objective performance, 
while the intensity in each direction is lesser and the resolution of acceleration components is equal to the spectral acceleration. On the 
other hand, the interstory drift ratio is also the resolution of its components and as a result it is expected that is meets the objective limit 
state. In order to retrofit the structure, the ductility and the mode shape before retrofit is considered as the starting point of the 
proposed numerical procedure. Some iterations are provided in Table 3 for the x-direction. It can be seen that the numbers quickly 
converge and the pushover of the retrofitted structure tends to produce the yield displacement and strength of (D4,y,V1,y) = (26 mm,

2807 kN). 
The number of the BRBs should be rounded and the practicality of their placement needs to be taken into consideration. To keep the 

continuity of the load path, 4 BRBs are considered on each story except the fourth with 2 BRBs. These seismic devices are installed in 
the bays X3-X4 and X5-X6 along the exterior frames of the structure in Y1 and Y3 as illustrated in Fig. 6(a). Similar calculations are 
carried out for the y-direction and 5 BRBs are considered on the first story, 4 on the second and third stories, and 2 on the fourth story. 
Based on the estimation procedure, this leads to the mode shape of [1, 0.84,0.62,0.33], period of T*

e = 0.57 s, the yield displacement 
and strength of (23 mm, 2831 kN). The estimated pushover curve of the structure in the x-direction is obtained using the N2 method in 
Fig. 11(a) and the displacement demand is estimated to be Sd = 79 mm. The estimated interstory drift ratios corresponding to this 
displacement demand are shown in Fig. 11(b), where it can be observed that the structure retrofitted by the proposed procedure 
satisfies the target performance of the 1% drift ratio. In the next section, the analysis model of the retrofitted structure is evaluated 
using NTHA, and the maximum interstory drift ratios are compared with these estimated values. 

Table 3 
Application of the numerical procedure for obtaining the retrofit scheme in the x-direction.  

Iteration k μk φk
i Sk

d 
(mm)

Sk
a,y 

(g)
Vk

i,y 

(kN)

Vk
d,i 

(kN)

Number of BRBs Kk
i 

( kN
mm

)
Δk

i,y 

(mm)

Dk
i,y 

(mm)

φk+1
i μk+1 

1 3.75 
⎡

⎢
⎢
⎣

1
0.88
0.66
0.36

⎤

⎥
⎥
⎦

77 0.26 
⎡

⎢
⎢
⎣

1129
2171
2954
3385

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

403
774
1053
1207

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

2.46
4.74
6.45
7.82

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

282
413
503
504

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

4
5
6
7

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

22
18
13
7

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

1
0.82
0.58
0.31

⎤

⎥
⎥
⎦

3.97 

2 3.97 
⎡

⎢
⎢
⎣

1
0.82
0.58
0.31

⎤

⎥
⎥
⎦

86 0.23 
⎡

⎢
⎢
⎣

1018
1890
2505
2835

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

292
493
604
657

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

1.79
3.02
3.70
4.26

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

246
320
355
342

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

4
6
7
8

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

25
21
15
8

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

1
0.84
0.60
0.33

⎤

⎥
⎥
⎦

4.18 

3 4.18 
⎡

⎢
⎢
⎣

1
0.84
0.60
0.33

⎤

⎥
⎥
⎦

84 0.22 
⎡

⎢
⎢
⎣

983
1844
2467
2805

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

256
448
566
628

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

1.57
2.74
3.47
4.07

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

234
305
343
333

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

4
6
7
8

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

26
22
16
8

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

1
0.84
0.60
0.33

⎤

⎥
⎥
⎦

4.16 

4 4.16 
⎡

⎢
⎢
⎣

1
0.84
0.60
0.33

⎤

⎥
⎥
⎦

84 0.22 
⎡

⎢
⎢
⎣

983
1846
2469
2807

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

257
450
568
629

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

1.57
2.75
3.48
4.07

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

234
306
343
334

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

4
6
7
8

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

26
22
16
8

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

1
0.84
0.60
0.33

⎤

⎥
⎥
⎦

4.16  

Fig. 11. Estimation of the seismic performance after retrofit.  
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4.3. Seismic performance after retrofit 

The devices are added symmetrically to the analysis model of the structure as depicted in Fig. 6(a). The analysis model of the 
retrofitted structure is evaluated first using the pushover analysis. The capacity curves are idealized into bilinear curves and are 
compared with the ones estimated and used by the proposed procedure in Fig. 12. Although there are some discrepancies in the 
x-direction yield displacement, the other characteristics closely matches the ones estimated by the proposed procedure. 

The fundamental period of the structure amounts to 0.58 s which is in close agreement with the period of the equivalent SDOF 
system T*

e = 0.57 s. Similarly, the fundamental mode shape of the structure is [1,0.84,0.62,0.34] in the x-direction which is closely 
approximated by the estimation procedure. 

The seismic performance of the retrofitted structure was evaluated by NTHA using the earthquakes scaled to the new period, and 
the results are shown in Fig. 13. The median maximum interstory drift ratios are between 0.002 and 0.008 which satisfy the objective 

Fig. 12. Pushover curves of the retrofitted structure and their comparison with the estimated ones: (a) x-direction; (b) y-direction.  

Fig. 13. Maximum interstory drift ratios of the retrofitted structure subjected to the earthquake suite compared with the estimation of the proposed procedure.  
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performance level of 1%. It can be observed that the distributions of the maximum interstory drift ratios are consistent with those 
obtained by the proposed method and the proposed procedure can conservatively estimate the seismic performance of the structure 
and the required amount of the seismic retrofit devices. It should be noted that the fundamental mode shape is the only tool that can be 
used for approximation before having any analysis done. However, the dynamic response of the structure is the combination of modal 
responses in the elastic region. As the structures goes further into the nonlinear region, it is expected that the displacement profile 
deviates more from the fundamental mode shape. Thus, the developed method provides better approximations for structures when the 
1st mode shape is dominant and the displacement demand is not highly associated with nonlinear behavior. 

These assumptions and the lack of knowledge about the extent of their effects can lead to both epistemic and aleatory uncertainties 
due to the nature of earthquakes which can be quantified [32,33]. Moreover, the structural properties used in modeling are also subject 
to different sources of uncertainty which urges for the use of probabilistic models instead of deterministic approach. Quantifying the 
calculation uncertainty associated with seismic retrofit design methods can be the subject of future studies. 

Fig. 14 compares the top displacement time histories of the structure before and after retrofit subjected to the RSN1787-Hector 
Mine earthquake. In addition to the drastic reduction in the maximum displacement, the residual displacement of the structure 
also significantly decreases. 

5. Concluding remarks 

In this study a numerical procedure was proposed which can be used to estimate the required hysteretic devices for seismic retrofit 
of structures. The pushover curve and the modal behavior of the structure are used to estimate the required number of seismic devices 
to be installed using a ductility-based approach. Furthermore, the pushover curve after retrofit, its modal behavior, and maximum 
interstory drift ratios can be also estimated. Unlike the previously developed procedures, the mode shape is updated during the 
iteration and there is no need to reanalysis of the structure model during the iteration. The iteration procedure converges towards a 
distribution of the seismic devices along the height of the structure which satisfies the target performance. 

The application of the proposed method was demonstrated using a four-story case study structure. The derived procedure was 
implemented and the structure was retrofitted using the buckling-restrained brace. The structure was analyzed before and after retrofit 
in detail using nonlinear time history and pushover analyses. The results were compared and contrasted with those estimated by the 
proposed procedure. It was observed that the proposed procedure can be employed to obtain the proper seismic retrofit scheme for 
low-rise buildings and the structural behavior after retrofit. 

Author statement 

We confirm that the manuscript has been read and approved by all named authors. 
We confirm that the order of authors listed in the manuscript has been approved by all named authors. 
Mohammad Mahdi Javidan: software and analysis. 
Jinkoo Kim: supervision and writing. 

Declaration of competing interest 

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper. 

Acknowledgement 

This research was supported by a grant (22TSRD-C151228-04) from Urban Declining Area Regenerative Capacity-Enhancing 
Technology Research Program funded by Ministry of Land, Infrastructure and Transport of Korean government. 
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Notation  

Di,y displacement of the i th story at the onset of the yield state 
Di,m displacement of the i th story at the target displacement 
Di,λ displacement of the i th story at the load magnitude of λ 
D*

y yield displacement of the equivalent SDOF equal to D*
y = Dn,y/Γ 

Fi,λ lateral load applied to the i th story at the load magnitude of λ 
F*

y yield strength of the equivalent SDOF equal to F*
y = V1,y/Γ 

Kd,i total elastic stiffness of seismic devices installed on the i th story 
Ke overall stiffness of the structure corresponding to the elastic branch of the elastic-perfectly plastic pushover curve, equal to 

Ke = V1,y/Dn,y = V1,λ/Dn,λ 

Ki lateral stiffness of the i th story considering shear story behavior equal to Ki = Vi,y/Δi,y 

Rμ reduction factor equal to Rμ = Sae/Sa 

Sa inelastic spectral acceleration 
Sae elastic spectral acceleration 
Say yield acceleration of the equivalent SDOF equal to Say = F*

y/m* 

Sd inelastic displacement demand of the equivalent SDOF 
SXS response spectrum parameter equal to the spectral acceleration at short periods 
SX1 response spectrum parameter equal to the spectral acceleration at short periods period 1 s 
Te elastic period of a SDOF 
Vd,i total yield capacity of seismic devices installed on the i th story 
Vi,y story shear of the i th story at the onset of the yield state 
Vi,λ story shear of the i th story at the load magnitude of λ 
hi level of the i th story from the base 
k iteration number added as a superscript to other parameters, indicating its value after retrofit during the iteration 
mi mass of the i th story 
m* mass of the equivalent SDOF system equal to m* =

∑
miφi 

Γ modal participation factor equal to Γ = m*/
∑

miφ2
i 

Δi,y interstory drift of the i th story at the onset of the yield state 
Δi,m interstory drift of the i th story at the target displacement which can is approximated as Δi,m = (φi − φi− 1)Dn,m 

Δi,λ interstory drift of the i th story at the load magnitude of λ 
Φ vector of the fundamental mode shape normalized to one for the top element 
ε approximate error during the iteration procedure which needs to be limited to a tolerance 
θi,m interstory drift ratio of the i th story at the target displacement equal to Δi,m/(hi − hi− 1)

θt prescribed interstory drift ratio corresponding to the objective performance 
μ ductility ratio equal to μ = Sd/D*

y 

λ load magnitude controlling the lateral force at each story under pushover analysis 
λy load magnitude at which the structure yield and undergoes deformations without increase in the applied lateral force 
φi i th component of the fundamental mode shape vector Φ corresponding to the i th story 
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